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Determination of Unsteady Supersonic Flows around

Thin Pointed Wings by Asymptotic Expansions

JEAN-YVES ParRLANGE®
Yale University, New Haven, Coni.

Harmonic oscillations of a thin wing in a supersonic flow are considered. TFor an unsteady
flow, we generalize a method that has proved successful in the steady case. The asymptotic
cxpansions so obtained are expressed in terms of a parameter ¢, which represents the width
of the wing divided by its length (the series converge faster as the wing is more slender). A
systematic approach permits the determination of the flowfield around a pointed wing,

with subsonic leading edge, up to any orderin e.

I. Introduction

HE steady supersonic flow around a thin wing has been

studied in the case of a slender body®? and then general-
ized for the not-so-slender body.® More recently, a system-
atic approach*® using asymptotic expansions has been
developed for wings of arbitrary shapes. The expansions
are given in terms of a parameter that represents the width
of the wing divided by its length. The method*® permits
the determination of the steady flowficld to any order. The
first terms of the expansion correspond to the slender and
not-so-slender body theories.n.?:3

A corresponding slender body theory is also known for un-
steady flows around thin wings.%7 Following the lines of
the general steady theory,*5 it is the purpose of this paper to
determine the unsteady flowfield to any order.

In principle, one could reduce an unsteady problem to a
steady one using the Magnaradze-Galin transfermation.®
However, a solvable steady problem corresponds to a given
vibrating wing only if the upper and lower surface of the
vibrating wing remain symmetric to each other during their
entire motion (symmetric problem). Also, applying the
transformation to a known steady flow, one can deduce the
solution of a corresponding unsteady problem. Unfortu-
nately, unsteady flows over wings with two different shapes
correspond to the same steady flow, to which the transforma-
tion is applied at two different frequencies. Hence, the
transformation cannot be used in a general and systematic
way and is not convenient to apply. Furthermore, the di-
rect method we are going to develop for the study of un-
steady flows Is as easy to use as in the steady case, so there
is no advantage in reducing our problem to a steady one.

We consider a uniform flow slightly perturbed by the oscil-
lations of a wing, i.e., the wing is almost plane. We take as
origin the apex of the wing (see Fig. 1), and the wing remains
close to the plane ;3 = 0. We consider only harmonic mo-
tions for the wing (by combination, any periodic motion can
be studied). The flow can be decomposed in two parts. The
first represents the steady flow around the wing in its average
position, the second is the purely harmonic flow. We al-
ready know how to compute the steady part of the flow*s
and shall not consider it here. For the unsteady part of the
flow, the position in time of the upper wing is

x3/b = eg(xi/l,xs/b) expivd 1)

l is the length and b the width of the wing (see Fig. 1); » is
the frequency, & the time, and e is a small parameter (the
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Fig. 1 Sketch of wing and Mach cone at the origin.

problem is linear) of order the maximum thickness of the
wing divided by b. The average position of the upper wing
lies in the plane x; = 0 (since we do not consider the steady
part of the flow). As usual in wing theory, we shall de-
compose our problem further in a symmetric and an anti-
symmetric flow,$ which by linear combination give the most
general flow. In the symmetric flow, the lower surface re-
mains symmetric of the upper surface with respect to 23 = 0
at all times (oscillating thickness case). In the antisym-
metric case, the upper and lower surfaces remain identical
(lifting case). The wing is taken as symmetric with respect
to ¢s = 0. The average positions (in the plane z; = 0) of
the leading and trailing edges are defined, respectively, by the
equations,

lwo/b] = h(xi/T) [22/b] = k(21/D) 2)
(for the symmetric problem, the leading and trailing edges re-
main in the plane x; = 0 at all times).

For simplicity, we take the time dependence of the har-
monic motion as expird. Of course, only the real part of the
solution will represent a physical flow (corresponding to wing
shapes varying as cosyd). The potential of the flow & is
written

b= [U.p expivd (3)

where U, is the unperturbed velocity at infinity upstream.
¢ satisfies the equation®

Q%p ol g2 Q% 2iM* dp VIR
oz T oz " om’ | U. om U2 ?

(4)

M is the Mach number of the flowfield, and 8* = M2* — 1.
(B is of order one; the flow is supersonie, neither transonie
nor hypersonic.) Consider the Mach cone with apex at the
origin (Fig. 1) satisfying the equation,

= B + ;mHY? %)
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We assume that the wing is entirely contained within the
cone, i.e., the leading edge is subsonic. Finally, we assume
the trailing edge to be supersonic so that the wake does not
affect the flow over the wing. We shall ignore entirely the
flow in the wake and its domain of dependence.

Besides Eq. (4), the potential must satisfy certain bound-
ary conditions. In the region upstream of the Mach cone
[given by Eq. (5)], the flow is undisturbed; hence, ¢ = 0
there. It is well known'® that ¢ and its first-order deriva-
tives are continuous across the Mach cone (in general, the
second derivatives are discontinuous). On the wing, the
velocity must satisfy the slip condition, which, as usual,
is written for x; = 0, since the problem is linear:

1(0p/dzs) = ebl(dg/0x1) + (1v/Us)g] (6)

In the following it will be convenient to use dimensionless
space variables ¢, z, y defined by z; = lt, s = bz, 3 = by, and
let X\ = b/l; ¢ = BA. We introduce a reduced potential
Jtx,y) by

¢ = (1/2m)eN¥ exp — iMwt (7)

where w is the reduced frequency »IM/B2U,. One interest
in using f instead of ¢ is that f satisfies a real equation, in-
stead of Eq. (4):

(0%/0a%) + (0% /0y*) = e[(0%/0t?) + wf] ®)
with the boundary conditions

[ = of/ot = of/ox = of /oy = 0 9)

for t < e(x? + yH)vt

of /oy = 2w (0G/0t) on the wing (10)

where
0G /0t = [(0g/0t) + ©(B2wg/M)] exptM wit 1D

0G/dt is known when g is given. Note that for w = 0, our
problem reduces to the steady case.*® The geometry and
the conditions we imposed on the wing correspond to those
of a supersonic transport, which, of course, is currently of
considerable interest.

II. Asymptotic Expansion—Generalities

We shall write our solution as an expansion in e. From its
definition and the fact that the leading edge is subsonie, we
have ¢ < 1. The number of terms we include will depend,
in practice, on the magnitude of e. As the wing becomes
more slender, e smaller, fewer terms are necessary. In par-
ticular, the slender body theory represents the limiting case
for a sufficiently small e when only the first one or two terms
are significant. When € is not so small (case of a supersonic
transport for instance), more terms have to be kept to pro-
vide an adequate solution. When € — 0, [ being fixed and
letting & — 0, then z and y remain finite near the wing but
become infinite near the Mach cone. x and y are the inner
variables® of our problem. To find the solution near the
Mach cone, outer variables® will be used, defined by X =
ex and ¥ = ¢y. X and Y remain finite near the Mach cone
when ¢ — 0. We shall also use cylindrical coordinates;
inner variables, ¢, r, 8(x = r cosf, y = r sinf); and outer
variables, {, R, 6(R = er). The procedure used with asymp-
totic expansions® consists of writing the most general outer
and inner solutions. The former satisfies the boundary
conditions on the Mach cone; the latter, on the wing. Re-
maining unknown coefficients will be determined by match-
ing the inner and outer solutions. The matching principle
will be used in the form?:

inner representation of ‘“‘outer solution” =
outer representation of “inner solution”

In order to write the most general expansions for the inner
and outer solutions, it is of fundamental importance to know

the set of gage functions? which will constitute the asymp-
totic sequence.
III. Outer Solution and Gage Functions

Equation (8) rewritten in terms of outer variables given
at once

0%f/0X?) + (@%/0Y?) = (o%/ot") + w¥f (12)

The parameter € does not appear explicitly in the outer equa-

tion. Let (f) be the Laplace transform of f, (fy = £(f) or
= [ et (13)

(f) satisfies the outer equation [from Eq. (9) and Eq. (12)],
Afy = (o + p2) (N (14)

In cylindrical coordinates and by separation of variables,
Eq. (14) has for elementary solution (f.)

{(fu) = K, [(p* + o)2R]{A, cosnd + B, sinn8} (15)

7 is a positive integer, and K, is the modified Bessel function
of the second kind. The general outer solution is a linear
combination of elementary solutions (for every n) which is
known when all 4,.(p) and B,(p) are known. Note that I,,
the modified Bessel function of the first kind, does not enter
in the solution as it would lead to perturbations becoming
infinite far from the wing. Through the matching principle,
A, and B, will be found and will depend on e. If we assume
for an instant that we know this dependence, the inner rep-
resentation of the outer solution is obtained by replacing
R by er in Eq. (15) and rearranging the linear combination
of elementary solutions in an asymptotic sequence with gage
functions of inercasing order. To do so, we first need the
expansion of K, introduced into Eq. (15),

@

K. [ler(p? + 0?)V2] = Z wtl

2 + w?)l/?)r] X

RS K wyzg] (£ Hon € (16)
2 = nl p + ) ] 9 11]2

Koo - % (=1 BT D e e (1)
n>1
K.. = (=D [7 (si + i) — In(p2 + )V — 'y:|><
Ina — n)!
rAa(p? 4 @) I>n (17a)
K.i=0 n>1 (18)
Kt = (—1)n (o wt)erwr I >n (18a)

l'(l )v

where v is Euler’s constant and

l
= Z i 8 = 0

=11

The inner solution introduces a gage function of order €
through the boundary condition on the wing. The differ-
ential equation (8) will relate two elementary solutions
corresponding to gage functions that differ in order by €2
Hence, by iteration, any gage function will introduce an in-
finite number of gage functions differing from the first by
orders €2, €% ..., e .... We are now going to find the
complete set of gage functions to be used in the symmetric
and antisymmetric problems.

Symmetric Problem: A, % 0, B, = 0

Using the expansion for Ko, [Eq. (16)], the outer repre-
sentation of the inner solution contains terms of the form
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Ag, 4o Ine. Ay in general will contain a term in € necessary
to represent the behavior of the function of order € which
satisfies the boundary condition on the wing for large r.
By iteration, using the differcntial equation, the gage func-
tions will include terms of the form

(e/2)2 In*e/2 m > 0 uw=01 (19)
Actually, for the symmetric problem, all gage functions are
included in Eq. (19). The fact that no other gage functions
are necessary to find the complete solution of our problem
will be apparent in the next section. By using the gage
functions from Eq. (19), we shall be able to find an expres-
sion satisfying the differential equation and the boundary
conditions exactly. Since the solution to the problem is
unique, no additional gage function needs to be considered.
Heuristically, we can easily show why it is so without going
into the details of the next section. The term A,K; cosf by
expansion contains terms of the form A; cosfr—le' and
A; cosfre Ine. A, must start by a term of order € so that the
first term might contribute to the boundary condition on the
wing. The second term is then of the form cosfre? lne =
xe? Ine which has the form prescribed by Eq. (19).  Further-
more, the latter term does not perturb the boundary condi-
tion on the wing. From Eq. (19), we deduce at once that
4, can be written as

e = (5) 5 (5)7 5, ey At @0

m= #=0,

/17L = 09 Bn #= 0

Antisymmetrie Problem:

Consider the expression BiK; sinf, which by expansion
gives terms of the form B sinfr—le™! and B sinfre lne.
Once more, the first term is needed to satisfy the wing condi~
tion; hence, B starts with a term in e. The second term
introduces the funetion sinfre? Ine = y e2ne which perturbs
the boundary conditions on the wing. The perturbation
must be cancelled, which is done easily by repeating the
process with a boundary condition of order €? Ine. In that
case, B; must also contain a term of order €’lne, and B sinfre
Ine introduces a gage function of order ¢ In%e. By repetition
of the process, it is quite obvious that for the antisymmetric
problem the most general gage function is

(e/2)2m Inke/2 0 u<m (21)

Consequently

e\ = € \2m m €
B,,(G,[)) = 5 Z = Z In#— Bn,?np(p) (22)
2) o \2 =0 2
n>1

IV. Symmetric Problem
From the foregoing section, the Laplace transform of f
can be written as
& = f;(;)b 2 (o I (23)
»=0 u=01
where, from Eqgs. (16, 17 and 18)

. 1
(Jw) = {Z Z l'(l n)! [5 (81 + 81-0) ~—

1=0 n=0

In(p? + w?)V2 — 'yjl r2e(p? 4 @)@z |

W%V—U’ ri=u(p? + w?)m‘”’“} X

z i (1)
=0 n=1+

Apy—1,0 cosnf  (24)
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1
<fy1> - Z Z Z'( 1)

=0 n=0

7.21‘"<p2 + w?)(2l—n)/2 X

Ay p—10cosnd (24a)
Or by inversion of Eqgs. (23) and (24),

F= 3 2% X fule s (25)
v=0 #=0,1 2

where

(=12 ([1 y
{lzzo nZ ZYU — ny! “:E (st + s1m0) — hlr:l X

a2, 10 + at? nv—lO}+ Z Z *( D X

=0 n=1+1

— 11— 1!
W_Z‘_i F2—n a[Ql}n,v—l,O} cosn (26)
v 4 T?l—n .
fu=— EO nz=:0 (=1)» T 2, ,—10cosnf  (26a)

By definition

Aqnpy = £

“Hp? + @) 7 Al
| [t cosod
p,p—1,0 = U‘O % np—10 (¢ — §)dd

jT represents Hadamard’s finite part of the integral.®® In
Eq. (26) and in the following, we usc the notation

flon = (2%; 4+ w2>(l)

Equation (25) is the inner representation of the most general
outer solution. From the matching principle, it also rep-
resents the outer representation of the inner solution, which
we are now going to determine. Equation (8) is the differ-
ential equation satisfied by the inner solution. One can
check directly, by a tedious but straightforward computa-~
tion, that f, as given by Eqs. (25) and (26), satisfies Eq. (8)
to all orders, i.e.,

Afoo = Afm =0 Afm =4 <ﬁ + )fy—l,u (27)

=90, v > 1

f, which is the outer representation of (inner solution), written
with inner variables, satisfies also the inner equation [Eqs.
(8) or (27)]. Hence f, as given by Eqgs. (25) and (26), is the
inner solution written in a f01m appropriate for large r. We
can say that the outer representation of the inner <01ut10n i
simply the expansion of the inner solution for large . That
result, which may seem quite intuitive, is not true in general
when asymptoptic methods are used.® The fundamental
reason why it holds in the present problem is that the inner
solution satisfies Laplace and Poisson equations [Eq. (27)].
As is well known (see also below), the solution of such equa-
tions can be expanded for large r using only powers and
logarithms of », which in the outer representation will only
introduce powers and logarithms of e. Hence, writing the
outer representation of inner solution terms are simply re-
arranged (none is lost). The inner solution is of the form
given by Eq. (25), but the f,, that appears in it will be written
in a form appropriate to satisfy the wing condition. It will
reduce to the form given by Eq. (26) only by expanding it
for large r. No confusion should arise, as we keep, for
simplicity, the same f,, to represent both expressions. We
must find f,, near the wing, satisfying the boundary condi-
tion on it, and also Eq. (27). It will be cenvenient to use
for new variables

s=etiy  E=a—jy
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Fig. 2 Schematic representation of the
procedure for a symmetric wing.

W N = 0 g

We consider functions £,,({,2,2) the real part of which is
Jop = J {£vu (t,z,é)}

Eq. (27) reduces to

Lop = Lout?) p =01
%L, (L2 2) o2 N
pab] 2
207 o T ) Lt (28)
v21 u =01

Once Lo and Lo are known (Lo will satisfy the wing condi-
tion), all other functions will be determined by iteration up
to a harmonic function. Those harmonic functions (as well
as £o) must satisfy the following conditions: 1) the bound-
ary condition on the wing is not perturbed, and 2) f,, can be
identified for large r with the expression given in Eq. (26).
Let us write

Lo = Poo + Qoo

with
b o
=2 " e -5 toa
and
Re
= ®,

POO J ( 00)
Py, obviously satisfies the boundary condition on the wing.
Qo again is a harmonic function that does not perturb the

wing condition and is necessary for identification (for large
r) with the expression in Eq. (26). Similarly let us write

£,0 = G0 + 0 with
aG @ — 9
vo=2[ 2+ f1e-0% T e
(29)
v 21

where L,(z) = 2*/»! (Inx — s,). @0 is so defined that it
satisfies Eq. (28); also it does not perturb the wing condition
since

O,0/y = "¢ T [08,0/0) — ©5,0/0%)]

is zero fory = 0, » > 0.
us now expand

9,0 plays the same role as Q. Let

Pv0=§e(@vo) v20

and compare it with the expansion of f,o from Eq. (26). By
difference, we shall deduce the expansion of

Qo = ?e(Qyo)

1 Remark that 7 and j are different symbols, 2 = j2 = —1
but ¢ ¥ —1. The real part of £,, may contain ¢ [the operation
represented by R. (£,4) is only carried on j].

J. AIRCRAFT

We find at once by expansion of P,g for large r that

—260 vt G
%0 = I:bﬁ :] f gt > w 9 (30)

where ¢ = 1; " = 2, n % 0. Since the wing we consider
is symmetric with respect to zz = 0,

oG(, — §)/0t = oG(t,8) /0t

Hence, Eq. (30) shows that asp4.1,,0 = 0. Wealso find that
forlarge r

Qo=3 3 (=Dn Z,(l i

1=0n=0

2, ,—10cosnd  (31)

or

Qu = Qn = 2

tcosw(t — &) R OG
- [ % (0,n)d£]d0 (32)

and by iteration

ot?

‘ft costw_(—t ; 3 l:fhh gg (2 :! 0 = =9 dS] (33)

One checks at once that the wing condition is not perturbed.

02 (v)
Q0= Qo =2 *—i—w] X

From Eq. (26), we deduce that fo = — o and by iteration
_ 0? L@ [+ oG (2 — B (z E)
SRR R i 3

which, expanded for large r gives

L (—=1)mr-n cosnfa (28

f»1=—ZZ

2 2 1 — n)!

which is exactly of the form prescribed by Eq. (26). Con-
trary to what happened with f,0, we do not have to add a sub-
sidiary function similar to 9,0. For the symmetric problem,
we were able to find the complete solution in closed form
up to any order. Figure 2 summarizes the procedure em-
ployed as indicated by the arrows. Vertical arrows represent
the iteration, and the horizontal arrow (deducing fio from
fo) comes from the bchavior of the inner solution for large
r. Note that the determinations of the two columns are
independent of each other, except for foo and fo. The first
two terms of our solution (v = 0) correspond to the slender
body theory and the first four terms (v = 0,1) would corre-
spond to the not-so-slender body theory.

n,v—1,0

(35)

V. Antisymmetric Problem

Although the results are quite different, the procedure re-
mains basically that of the previous section and will be pre-
sented with fewer details. For the present problem, the inner
solution is of the form (see Sec. I11),

=2 (5) Zmm(3) (30

»=0
Jup for large 7 will be of the form [using Eqs. (16, 17, and 18)]

v—pu 1l r2—n
(S m
{l:% (sl—n 'l‘ Sl) - 11’17'] 6{2”11 v—1I,u + bm” n,p—l,p} +

sy lmlm

p2—n gi20)

n,v—1lp

4 r2—n

>
l=
Z ZY(Z ),B lln,v—z,n—1> sinnf (37)

>
v
z,©

1=0
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Equations (36) and (37) represent the inner form of the outer
solution, but again because it is an exact solution of Eg.

(8), 1t is simply the inner solution for large r. In Eq. (37),
we have

,Snwu = £_1[(p2 + wz)ianuu]
and

(teoswd .,
bn,v~l,u = “fO 71;)* 18n,v—l,n (l - 79)d0
§

&, (whose real part is f,,) satisfies [from Eq. (8)]

£ vy °Bvu<t;z)

0:L,, [ 9%
o = (ot @) €,

Consider the harmonie function

oo r QG (h2 — 52)1/2 + (h2 _ z2)1/2 _
G0 = f I3 Dt (t E) In [(h2 _ 52)1/2 . (h? _ 22)1/2] dg

whose real part obviously satisfies the slip condition on the
wing. It will be convenient to write ®y under a different
but equivalent form. Pg on the wing has the value

. B (B2 — E)VE 4 (h — a1
Py = — —h Dt (t Hhn ‘(lo — )2 — (B — l‘2)1/2‘;
(39)
We can, then, writc
_J Poo('f & 40
Foo = i f h 2 — g ds ( )

From which, we conclude at once by expansion for large r
and identification with Eq. (38),

2 h o~ %
=;@ﬁfﬁm@ds (41)

because of the symmetry of the wing with respect to oxy,
r32p,0,0 = 0 4\180,

62p+1.0,0

Lo = P (42)
No additional terms are needed in the present case to re-
cuperate the expansion for large 7.
£ being known, we arc now in a position to determine
£,,¢2), v 2 1. £,, must not perturb the boundary condi-
tion on the wing and must be of the form preseribed by Eq.
(37); in particular, it behaves like r sinf for large r, hence
L = ’YVVO(t> <h2 - 22)1/2 (43)
For large r, this expression gives

2p) W2 sin(2p + 1)0 m
(p!)222p+1(p + 1)7-27)"}'1 ( )

which must be identical with the expression deduced from
Eq. (37)

fvv = Y0 [’I‘ sind +

2

o}
fl/ll = r ginf <6’t; + w2> ‘81,1/——1,le +

1 > sin(2p - 1)0 .
5 (2 )’ ( TZ;[’JFI — 621}—{—1,7},1/ (40)
p=0
Hence,
o2 .
Y0 = (bﬂ + w2> Bl,v~1,u——l (46)
and
heot2[(D2/012 2 1y
621)-!-1,11,1' = i [(a /at) to ]511 Lyt v 2 1

(pH2(p 4- 1)2%
47
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Fig. 3 Schematic representation
of the procedure for an antisym-
metric wing.

These equations define Bop41,,,, (and £,,) since B is known
trom Eq. (41). Figure 3 illustrates the method used for the
antisymmetric case. The first term £q is determined (essen-
tially by the slip condition on the wing). From it, we de-
duced all terms £,, on the first diagonal. The next step is to
determine the second term in the first column £4o, from which
we shall deduce the whole second diagonal (f,+1,). The
procedure may then be repeated for the third diagonal and
so on. We propose a systematic scheme to determine the
solution to any order. Contrary to the symmetric case, one
cannot write at once the complete solution in closed form
flike Egs. (29, 33, and 34)]. The solution can be found
without difficulty to any order but must be obtained step
by step. The computations are straightforward even if
somewhat lengthy. The complete calculation of the second
diagonal (£,11,) will be given, and we shall indicate the
rules to be followed in order to compute thc others
(Lu4npun 3 2) i necessary. By integration of @ [Eq. (40)],
we deduce a function @,¢ satisfying Eq. (38),

F 2 ») . 5 — v

e L[] P
(e — 91

v — 1!

One checks at once that 9P»0/dy = 0 on the wing; hence,
®,0 cannot represent £,0 entirely. Let us add to P,o a term
Q.0 so that on the wing

0Q.0/0y = —0P,0/0y
which is known from Eq. (48) 9,0 will satisfy Eq. (40) and Qe

= 0. Letusdetermine @. We must solve a problem identi-
cal to the one solved for Py, or

J Qlo
B f hz — g (49)

L,,—l(Z - E) +

Lz — 9]&(@)

where

~ 1 R OPOO

2 . E1/2 2 2y1/2
G-t L@ =gy 4 g —

—h OJ |(h2 — V2 — (B2 — Y2

daé  (50)

Hence we write

Lo = G+ Qo + Yiwlh? — 22)1? (51)

the last term being added for identification with fi, as given
by Eq. (37) for large . We find at once by identifying the
terms in 7 sing,

o]
Yio = <bt2 +w>bmo

a?
Yo = — <67L2 + w2>

and B is known from Eq. (41).
mined.

or

f Ot cosed g ot — HdI (52)

£10 18 now entirely deter-
Identifying the terms in 7! sinf for large » we find

B = (o + ) Bt 2 [ Gt + tovn ()

which will be of use later.
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We are now in a position to compute all other functions
on the second diagonal (£,41,; » > 1). For large r, we de-
duce from Eq. (37)

. 1
fut1, = —rsind [(5 — lnr> By, — B8, 1+

74 sind 1
bmmﬂ] + ) B 11+ = X
2
= (2p)!sin(2p + 1)6
> e Bop+iutin —
p=0
r2 2 (2p — D'sin@p + 1)8
2 Zl rip+l BPaps1un (59
=
We write the inner solution as
Lutte = Cutip+ Yotrpo (B2 — 2212 (55)
®u+1,. Is & particular solution of
02P, 11, o? .
R A N7 — 6
0% op T @) Lu (56)

and (A2 — 22)12 is added to identify the terms in r sind for
larger. Letustake

R\ {2}
(Pﬂ-lv-l,y = ’YI;MO Zé(h2 et 32)1/2 + <'Yyy0 ?) X

z
h h
(h? — 23 ~12 L<%>2 + oﬂh] (57)

We can check at once that such expression is uniform, satis-
fies Eq. (56), and does not perturb the slip condition on the
wing. Identifying with Eq. (54), we deduce

Z <sin_1~?i — sin?! ) + vuno 2z — ) X

2 h?
(h*yup0) 2 1n'ﬁ + 730 e + Yutrip—0 —

oh\? 252 {2} {2} 1 {2}
29440 a + W= l,n,u—l_b 1##'"‘2_:8 lup
(58)
and
hept2
Bepttutin= o ¥ D2 {(220 + Dymo X

oh\? 2 + 1 [Ry,0\!2)
[(5) + o]t mevnnat 25 (55) o

These two equations determine vy, t1,.,0 and B2p41,.4-1,, from
Bue [itself given by Eq. (53)]. £,+1,, is now entirely deter-
mined. As sketched earlier, the next step would consist of
completing £q obtained by integrating £, [Eq. (38)]. To
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a particular integral, we must add an arbitrary function
Yao(ht — 2V + yaz(h? — 2H)V? (a)

to satisfy the matching principle, which will determine ~yap
and s (since there is now a term in r® sin® §). Then we
find the third diagonal (£44-2,.; u > 1) by integrating £,+1,,
and again adding an arbitrary function of the form given by
expression (a). We would operate similarly for all the subse-
quent diagonals. Note that for the »th diagonal the arbi-
trary function [which for the second diagonal is given by
expression (b)] is in general of the form,

R 1— (=1
pgl ﬂyyyoyp_lepzp‘“l(hZ — 22)1/2 €& = _2__ (b)

this arbitrary function being necessary to satisfy the match-
ing prineciple. In conclusion, we developed an unsteady
wing theory that will be useful to compute the exact flow-
field over thin wings. The results are given in closed form
for the symmetric case, but even in the antisymmetric case
there is no (theoretical) difficulty in carrying the computa-~
tion to any order.

In a future paper, we shall investigate the singularities in
planforms and deformations which can be studied with our
theoretical model. Also, numerical applications will be
presented to illustrate the advantages of our solution as well
as its stability and convergence in practical cases.
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